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Abstract: Rotating channel flows are important fbr analyzing
the turbine rotor blade intemal coolant flo* passages where the
velocity profile gets skewed by the rotational forces. The
velocity increases near the trailing wall and decreases near the
leading wall for radial outward flow. Moreover. the turbulent
eddy viscosity is higher near the trailing sidc and lorl (near
laminar) near the leading side. This proxirnin of high and low
turbulence regions are difficult to model b,r engineering two-
equation models and modification of models are required to
predict rotational effects. A functionalized Cu approach is
developed for k-e and k-to turbulence models that improve
prediction of rotating channel flow.

Keywords: RotatingJlow, Turbulence model, Rotor blade
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INTRODUCTION

Several technical papers based on numerical and experimental research are published in the
past ten years to analyre the heat fansfer in rotating coolant channels simulating the conditions
of rotor blade coolant passages. Figure I shows the typical cooling arrangement in a turbine
rotor blade. There are three regions in a blade that utilizes three different cooling principles.
In the leading edge, mostly impingement cooling is used. At the trailing edge, pin fin cooling
techniques are employed. In the middle portion, surpentine cooling passages are used. The
rotating flow analysis presented here is applicable mostly to the cooling channels in the middle
of the blade.

Related important numerical works are: Standard high Reynolds number k-e model prediction
by Prakash and Zerkle I I ] and Tekriwal [2]; low Reynolds number k-e model prediction by
Tekiwal [3]; and predictions by Dutta et al. [4,5]: on rotating channel heat transfer with an

improved rotation induced turbulence production term. This rotation induced turbulence
production term was developed by Howard et al. [6]. It is noteworthy that all these numerical
predictions are based on two-equation engineering turbulence models. The reason could be,
two-equation models are mostly robust and require less computer time to get time averaged
turbulence predictions compared to other more detailed turbulence model approaches like,
direct numerical simulation (DNS) and large eddy simulation (LES). The computation is
inherently three dimensional in rotating channels and hence the required computer time is high
and advanced turbulence modeling is not yet cost effective. Figure 2 shows heat transfer
predictions by modified k-e models that compare satisfactorily with experimental results.

The modified model included rotational effects on the turbulence production in the k transport
equation. The rotation number, Ro, is the ratio of Coriolis effect to the inertial effect; and
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density ratio, DR, represents the effect of rotational buoyancy on the flow. A higher density
ratio indieates the effect of buoyancy is stronger on the flow. Since the standard k-e model is
required
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to be rnodified to correctly predict flows in rotating channels, turbulence rnodels that improve
predictions in separated flow conditions axe exarnined here.

This paper compnres two different fwo-equation turbulence model approaches tbr the
prediction of rotating fully developed unheated flows. Note that buoyancy effects may change
the flow and turbulence patterns in a heated flow. The selected models have shown
improvements in other turbulent flows like, turbu'lent pipe flows and separated flows [8,l4].
The models presented have not been tested before in a rotating field, therefore, the present
shdy provides performance guidanc€ to the numerical researchers about their applicability in
rotating channel flow. One of the models used is a two-equation k-o model of Wilcox [7] to
predict rotating channel flow. This method has previously been demonstrated [7"8] to work
well in bo& drc fully turbulent and in the transition flow regions. ln k-o model, the wall
function approach of high Reynolds number k-e model is replaced by a calculation up to the
boundary walls facilitating more detailed flow analysis in near wall region.

Another mo&l used in this study is the curvature corrected k-e model of Dutta and Acharya
t9l.The curvature-corrected model was developed to predict the separated boundary layer in
tripped flow. Since the secondary flow in a rotating channel has significant curvature in the
cross-flow plane, curvature corrections on turbulenoe are applied based on the cross-flow
streamlinc curvdrre. The turbulence rnodel parameter Cu is functionalized based on the cross
flow vebcity gradients and Cu is varied in the channel cross-section. Predictions by this model
reveal a variation of eddy viscosity in the cross flow plane of the rotating channel sirnilar to
that observed in experiments.

Our appmacfi of model testing in fully developed rotating turbulent flow is a standard method
for model testing in a rotating frame. Other significant research on model testing in rotating
channel flow includes Howard et al. [6]. They tested different rotation induced turbulencp
production tcrms and their approach was adopted by Dutta et al. [4,5] ro predic{ three-
dinrcnsional mmring channel flow and heat transfer with reasonable agrcernent with
expcrirnenal lre* transfer observation. Pouagare and Lakshminarayana I l0] and Calerpin and
Kan$a Il l] developed a rotation corrected Cu and their expressions for Cu had a similarity to
the R"ichsdson numbr formulation. We found that it is ditficult to achieve good predictions
with Richardssr number based Cu and showed that secondary flow curvature-correction
approach provides satisfactory converg€nt results with improvements in the turtulence
predictions. Expcrimental results by Johnston et al. [12] presents a reliable data available in
public domain and tfreir work for firlly developed two-dimensional rota{ing flow is used for our
performance evaluation.

One important cannibution of this paper is the introduction of k-o model in a rotating frame.
The k-o model is a derivative of the twoequation turbulence rnodel family and has shown
inprovernents in *ati<xury channel flow. Fredictions by k-<o model indicate that more researrch

is required to Eet a satisfactory robust prodiction by this rnodel. Discussion on fwo-gquation
turbulence models remains incomplete without the menfion of the nonlinear k-e model of
Speziale [l31. This two-equation turbulence model simulates the anisotropic behavior of
turbulence by nonlinear spatial velocity derivatives and requires computation intensive
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filtration techniques. This nonlinear model nseds long computer time and may not be of interest
for the three dimensional rotating channel flow apptications without some modifications to its
basic form. Therefore, this model has been excluded from this study and may be tested at a
future time.

EXPERIMENTAL CONDITIONS SIMULATED

The experiment of Johnston et al. [12] is taken as the benchmark for this prcdiction. The
channel used for the experiment had a rectangular cross-section, as shown in Figure 3, with a
height, h, of 279 mm and width, b, of 39 mm. This high aspect ratio reduced the effects of
three-dimensionality in the core flow. The wider sides act as leading and trailing surfaces of
rotating channels. The fluid used is water. The inlet velocity for this computational work is
selected to be 0.289 m/s corresponding to a Reynolds number of I 1,500. Two rotation speeds
at 1.553 rad/s and 0.865 rad/s with conesponding rotation numbers of 0.21 and 0.12 are
considered. The computation domain extends up to h/2 of the channel to use ttre symmetry
present in the flow.

oslDlots

Figure 2: comparison of model predictions with experimental data (Duta et a1.23)

Figure 3: Channel cross-section and coordinate system
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where V is the velocity vector (u,v,w). The second term on the right hand sides of the x and zmomenttm eqrrations, represent Coriolis forces. The centrifugu-i for.., are absorbed in themodified pressures- centrifugal forces are calculated with rotaion radii r- and r, in the x andz directions (see Figure 3). The effective viscosify, p.s, includes laminar viscosity, p, and
turbulent eddy viscosify, p,, as

F"f = F+ F, (3)

STANDARD k-e MODEL:

The high Reynolds number k-e model is based on the Boussinesque approximation of the
Reynolds turbulent stresses. The eddy viscosity of this model is modelei as

Itt: pcrt;C,,:0.0g {

The k and r transport equations are

yo(pkV-o,rb:p-pe
ok

Y o ( peV - ltv 
" 

I = C t p i- r r r4os K k
where P is the usual Reynords stress turbulence production term given as
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(2)

GOVERNING EQUATIONS

This numerical work uses two-equation turbulence models. one of the base models is thestandard high Reynolds number k-e model and the other is k-ro model. The goveming equationssolved for both turbulence models are:
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Continuity equation

Y.( pV ):0
and the solved momentum equations are

(l)

0p

0y

(4)

(s)

(6)



, =,,1,1{H' .(x)'.(gi].( x. *)' .(*. x)' .{x. H'l (7,
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Due to fully developed flow approximation, {0/02) terms are dropped from the goveming
equations. The 0p/02 is adjusted in the z-momenfim equation to achieve the desired flow rate.
The near wall region is solved by a wall function.

CURVATURE CORRECTED C,,

The curvature correction on C, can be incorporated by two different coordinate systems. One
is based on the stream line (s-n) coordinates and the other is based on Cartesian (x-y)
coordinates. Ttre s-n coordinate formulation is more concise and easier to present. Though x-y
coordinate formulation derives a long expression for C, and looks prohibitive to implement,
our experience shows that Cp based on x-y formulation is numerically well behaved- Acharya
et al. [4] showed that x-y coordinate approach had a better agreernent with the experimental
data compared to s-n coordinate approach for flow past a nvo-dimensional rib. The final
expression for the x-y coordinate was presented in Dusa and Acharya [9] and Acharya et al.
[14] but the formal derivation was not included" Therefore, we take the opportuniry ro present
the derivation [5] and related approximations.

The algebraic closure for turbulent str€sses [15] can be written as

'#@-e):P,L+i,i-ru (8)

where P;; is the production term, qi.1 is the pressure strain term and e1 is the dissipation term.
The closure ofthe pressure strain tefin is given by Launder et al. [17] as

.E)20ii: -ct7(ut"i'-;5ik) -csz{ ru'ir drl
(e)

c_, It
* C rt,,i( uiui' - 

" 
d uk) f( -) 

+ C rzr( Pi1 - Dii ) f( L)
k"J.Xw

The t€rm (l/x*) represents a n€ar wall fiuuion that accounts for near wall viscous damping
effects. This term is expressed as 

r

t rJ-t- I t7(t* J-*i-.1'lt (ro)
xw C* " [rl xi yT yT)

where x's and y's are tfue distame measured ftom four surrounding walls. The Pi.; and Di; terms
in x-y coordinates can be represented as

Journal of Meckanical Engineering Research and Developments, Itol.2 I -22, I g99



Fully Develaped Ratating Channel Flow 39 Duna and Khan

_ ,)OU ,2OV _ ,2OU .7dV
P.,,= - Y'- :- - U'- ^ : Dn: - u'' 

=-0y 0x 0y 0x

po = - 2V + - 2/"' + : Dxx: - 2V + - 2tr +o.\ oy ox ox

p,, = - zV ?- 2r\,' +, D rt = - t7 +- 2,tr' yFldx"dy0y

The Reynolds stre$€s can now be expanded as

V -^'( -2VL-ztlL-zr\k e ( d' 6y 3 )

* n" ( - 27 L- 2r\,, 9! - 27 Y - 2,// L)* Z
e\ 0x 0y dx 6r) 3

V -^'( -27L-2/",Y-2")k e t Ay 0x 3 )

* n' ( - 2V Y - 2,rr' L - 27 L - 2r\,' Y\. ?
e\ 0y 6y 6y ay) 3

fr =^'( -Va" -;z\k e\ 0y 0r)

* n,'( _F au - t2 av _V a, 
_ ,,e'l 

(tz1

a( Ay 0x 0y 0r)
where

n, * = 
| : C 12 ,.A,,= 

C szw {(l/ x*) h' (13)

!-,*Cst-Csr, f(t/ x.) I'cs2
e

Equating the Boussinesq approximatioil and the algebraic u'v' ,the following fuirctionalized
expression for Cu is obtained in x-y coordinates, referred to as Cul and is given by

(l t)
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(14)

where

A= - n'o! - 2 L', !-ov ov
B: L'P 

- I ; F : ot ?"P
€ t2D

.p=_ ( l5)

C:l+2kA/e;D:l-2kA/t

This expression of Cul is solved for each individual computation node and filtered according

to a box-filtration technique [8] and then used as local Cu for turbulent eddy viscosity

calculations. Moreover, like other functionalized Cu models, the range of Cu is restricted to

avoid divergence. The range selected is 0.001<Cu<I000, which is a wider range compared to

the range 0.025<Cl<0.2 adopted by Warfield and Lakshminarayana [19]. Note that this

expression for Cu does not include any rotational terms, however the velociq' gradients are

affected by rotation and that affects the Cu value. Pouagare and Lakshminarayana [0]
developed a relationship as Cu: 0.09 + Q(aw/ax). We find this approach to be difficult to
converge. Any decrease in d"rr/Ox increases Cu that in turn increases eddy viscosity. An increase

in local effective viscosity decreases the velocity gradient further leading to an unrealistic

solution. Therefore, instead of direct summation of stationary and rotational effects. we use a

harmonic mean of curvature corrected Cu and rotation affected Cu. This approach is similar to

the algebraic stress formulation of rotational terms and is given as

Cu2: ( l6)
I 0w/0xa

col c)

Model parameter, Cu2, calculates the curvature and rotational effects separately and then

combines them by a harmonic mean. Note that this formulation may not be suitable for no or

low rotation applications because O appears in the denominator of Equation ( l6). Algebraic

stress models based on Rodi's [20] approximation are available in the literature and similar
functionalized expression for Cu can be obtained that includes rotational effects.

L,o' - n,( L* u'l
0y [d" ay )

^ / ^ ^ \

.\,au- L"(L*qll,0x [dt Ay)
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ROTATION AFFECTEDCT

The algebraic expression for Reynolds turbulent stress [20] in rotation is

u'it/'j _ 2 * _ RuQ -Cr2)/2 + ( pU-2p 5u/3)(l -g,r1
k juii-

where the rotational term is defined as

R,: - 2 Qp( eiopu' ju'kt 
" 
jp*u'iu'k)

we can obtain an expression for cu by equating this algebraic stress u'v, to the
approximation as

JOtfz 
- C,z )( C,z - r )Au)/Ay

Dutta and Khan

(l 7)

(t8)

Boussinesq

( le)Cu3=

(re,e.
€(c

k

I) )2 + ak ( 2 - C,z ) ( Q(2 - C,z ) + ( (,.2 - t )Ow/Ox,)(:;. *)
I-

This derived expression is similar to Cr2, i.e., the stationary and rotational terms are in
harmonic mean and this expression is not recommended for low rotation or stationary channel
applications. The }wlfo in the numerator of Equation ( I 9) makes this Cu3 to be high near the
side wall and low at the core flow. Computation with this C,,3 is hard to converge and no robust
converged solution is achieved. However, this expression is retained here for the completeness
ofthe paper.

k-co MODEL

This is the model proposed by Wilcox [7]. The turbulence transport equations involved are the
turbulent kinetic energy, k, and a specific dissipation rate, o. The dissipation and specific
dissipation of k are related ut t = p*ko. The eddy viscosity of this model is fornulated as

ttt: p o* L or, ttt= p?: for functionat ized C tt

The k and o transport equations are

Y.( pkV -4rol: p - p f* rk
ok

Y o 1 patV - lo r r: a pf, - nort
O61

where P is the usual Reynolds stress turbulence production
other related terms are

(20)

(21)

(22)

term given in Equation (7). The
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. _ I/40+ Rer/6 . *_ 5 0.1 + Rer/2.7 Ia: 1*puto'o:t I+kln;

Dutta and Khun

(23)

p. 009
51t8+( Rer/8 )a

; F:3/40
1t+ psr-/8 )a

and the turbulent Reynolds number, Rer, is defined as

Re7: EL Q4)
op

The near wall boundary implementation technique is described in Wilcox [8]. The constants

used in different equarions are given in Table l. A SIMPLER type algorithm solves the

pressure and veloiity inter-linkages. The flow Reynolds number and wall function

requirements in the k-e model limits the use of fine grids near the wall region. However, non-

wall function based k-o model allows sufficient fine grids for higher resolution near wall.

presented results are with l6x12 grid for wall function based k-e models and 90x90 for non-

wall function based k-o models. Both two-equation turbulence models have shown satisfactory

grid independence.

RESULTS AND DISCUSSION

Figure 4 compares predictions by different functionalized Cu in k-e model. Plotted axial

velocities and turbulent eddy viscosities are for the symmetry location. The velociry predictions

by different functionalization schemes do not shbw any significant change. Standard k-e rnodel

prediction with Cu:0.09 is included for comparison. The velocity field is more influenced by

ihe Coriolis r€rrn as evident by the near wall increase in the flow for the trailing wall (x/b:0)

compared to the leading wall (xit:l). Curvature correction mostly tends to reduce the core

flowand that can be expiained from the turbutent eddy viscosity predictions. The experimental

velocity m€asurements are for rotation number 0.21. The increase in axial flow at x,&:0.6 is

not satisfactorily captured in predictions. lt should be noted that near wall resolution (limited

by the wall function) near the leading wall (x/b=I.0) is not sufficient to get detailed flow

predictions in that region.

The eddy viscosity predictions show significant difference with different functionalized Cu

expressions. Since the term Cu has direct influence in the formulation of the eddy viscosity, any

change in Cu changes the eddy viscosity significantly. Though Cul does not have any

formulation based on the rotation speed, eddy viscosity predictions by the Cul expression

shows a peak near the trailing half of the channel. Experimental observation of Johnston et

al.[ 12] for rotation number ofb. t Z shows similar turbulent enhancement in the trailing half. A

conective expression based on rotation shows an improvement on the eddy viscosity prediction

as shown by predictions with Cu2. However, predictions show a smoother eddy viscosity

Journal of Mechanical EngineeringResearchand Developments, I'ol.2l-22,1999
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profile by Cu2 at higher rotation number.
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Figure 5 compares the k-ro predictions with the k-e model. The k-tu rnodel improved
predictions in a stationary channel [7] but in rotation predictions are not satisfactory for the
high aspect ratio channel considered. The functionalized Cu approach applied to the k-crr model
cannot improve the prediction. The eddy viscosity plot shows that k-cr.r model significantly
underpredicts the turbulence. A comparative analysis ofthe transport equations for e and o
reveals thatthe dissipation term of rrl equation is relatively smaller than the corresponding e

equation. Therefore, ro is predicted higher reducing the eddy viscosity. The curvature
correction locally increases the eddy viscosity but can not increase it in the entire flow field.
However, it is interesting to note that at higher rotation number (Ro=0.2 l), the k-ro model
shows an increase in flow in the leading half as observed by the experiment. The flow is
overpredicted in the leading halfand underpredicted in the trailing halfofthe channel.

Figures 6 andT compares the secondary and axial flow; and C,, and eddy viscosity distributions
for two different functionalized expressions of Cu. The k-e prediction shows a single large

secondary flow vortex in the half channel. The eddy viscosities are higher at the core flow.
Secondary flow predictions near the side wall is much higher than rest of the channel. Note that

the Coriolis force pushes the fluid from leading to the trailing side at all locations of the

channel. However, to coRserve mass, some fluid comes back to the leading half of the channel.
Though Coriolis force pushes the fluid from leading to the trailing side, the pressure difference
between the trailing and leading sides drives the fluid back to the leading side through the near

wall region, where Coriolis force is low due to smaller axial velocity.

ln Figures 6 and7, circles present local eddy viscosities. A larger diameter circle signifies a

greater local eddy viscosity. In general, the eddy viscosity is greater at locations with higher

Cu values. The eddy viscosity can be as high as three hundred times the laminar viscosity.
Predicted eddy viscosity is high in the core; however, the velocity gradient is low in the core
flow compared to the near wall region and viscous dissipation is less in the core flow.
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CONCLUSION

This paper presents a comparative study of two different fypes of two-equation turbulence

models, k-e and k-o models. Prediction improvements by functionalizing the turbulent eddy

viscosity constant, Cu, are compared. Results show that the functionalized expressions on k-e
model do not change the velocity field significantly but improve the eddy viscosity predictions.

The k-ro model that performs better in plane channel flow shows significant underprediction
in eddy viscosiry and overprediction in the core flow. The k-o model is relatively new

compared to the k-e model and therefore, more work is needed to adjust the constants involved
to get comparable or better predictions.

NOMENCLATURE

D
k
Re, Ro
utvrw
wo

Greek Symbols

t, q)

h,p
O,p

Hydraulic diameter of the channel
Turbulent kinetic energy

Reynolds number: Re = pw"D/p, Rotation number: Ro : C2D/w o

Velocities in x, y, and z directions
Average axial velocity through the channel

Dissipation of k, specific dissipation rate of k
Turbulent and laminar viscosity

Rotational speed, density of cooling air
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Table l: Values of the constants used for turbulence models
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