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Abstract: With Liu's systcrratic rncthocl lbr various
generalized variational principles in fluicl mechanics.
we establish a more general firrnr of lurrctional of
generalized variational principle ol clasticitl dir.ectly
fiom its govcrning ccluations and boundan conclitions.
ln particular. this nevu dcclucccl lutrctional can bc
reduced into knorvn llnctiorrals ol' cxistirrg cencralized
variational principles in clasticitr inclucling ('hien's
generalized variatiorral principlc. l'lrc aLrthors also
point out the ph1'sical mcanings ol'I.iu's trial-
f'unctional. Liu's nrelhocl can bc convcrtccl into lle's
semi-inverse method. *hich. rvitlrout usirrg l-agrarrgc
multipliers. has provcd to be as cl ltctive and
convenient as [,iu's.

Keywords: I'ariationul pt'inciples itt cldsli('itr.',,Semi-
I nverse Me t hod, T'ri o l - f-u nc t i on

INTRODUCTION

Generally speaking, there exist two basic ways to describe a physical problem: l) by partial
differential equations (PDEs) with boundary or initial condirions (BC or IC); 2) by
variational principles (VPs). PDE model requires strong local differentiability (srnootlrness)
of the physical field, while its VP partner requires weaker local srnoothness or only local
integrability. For discontinuous field, the PDE model is no longer valid, while its VP
partner is powerfully applied. Moreover the VP model has many advantages over its PDE
partner: simple and cornpact in form while comprehensive in content. encorrrpassing
implicitly almost all information characterizing the problenr under consideration PDEs and
natural BC/lC; capable of hinting naturally how t\e boundary/initial value problern should
be properly posed. Applying variational principle with variable-dorlain. we can powerfully
deal with discontinuities in complex matet'ials. lt is also a sound theoretical tbundation of
the finite elemerit method (FEM) and other direct variational ntethods such as Ritz's ,

Trefftz's. and Kantorovitch's methods.

It is well known that, in general, it is extremely difficult to deduce a generalized variational
principle directly from its governing equations and boundary conditions or initial
conditions. Much attention has been put on the existence and uniqueness for the inverse
problem of calculus of variations and ways to search for its variational principle of a

physical problem. According to Vainberg's theorem, the VPs for a physical problem exist
and can be constructed formally, if the differential operators in the PDE-forrnulation are
symmetric. Such a requirement is overly restrictive, and it is important that we remove it if
possible.
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Hu[], using the so-called trial-and-error method, obtained the well-known Hu-Washizu
principle. The rnethod is to try to search for a functional. then nraking the functional
stationary to see whether its stationary conditions (Euler's equations) satisfy,its soverning
equations and bourrdary conditiorls. A more scientific apploach. Laurange rrultiplier
rnethod, was discussed by Chien in Refl2]. with such ntethod the constraints in a
conditioned variational principle can be removed by the Lagrange multipliers. Washizu[3]
first used such method and established Hu-Washizu principle.

However. for some physical problerns. no known variational principle is at hand. The
Lagrange multiplier method. therefore, Ioses its power in such case. Moreover. irr using
Lagrange multiplier rnetlrod to arrive at a GVP. one lnay alwavs conle across variational
crisis[4-7] (some of Lagrange multipliers become zero. and thus fail to reach its airn).
which was found by Chien[4] in elasticity, and Liu[5] and He[6.7] in fluid rnechanics.
Various method have been proposed to elirninate the crisis. for exarnple. high-order
Lagrange rnultiplier method by Chien[4], preconditioned method by Liu[5], and semi-
inverse nrethod by He{6,71.

ln 1990, Liu[8] proposed a more systematic method to establish various VPs in fluid
mechanics, and great progress was made especially in turbornachinery and aerodynamics.
Details can be found in Liu's publications. In this paper. the author illustrates Liu's rnethod
to establish GVPs of elasticity, and proposes a modified [-iu's rnethod to rnake it more
effective and convenient.

AN INTRODUCTION TO LIU'S METHOD

Liu's rnethod is illustrated using an incompressible rotational flow. The governing
equations for this problem are

alfu
-+-=0&a
@* = u,
@r=v+.f

where a,v denote velocity in x-andy-directions respectively, /
potential function.

Here we want to search for a functional whose stationary conditions satisfy the above
equations (l), (2) and (3). According to Liu [8]. we can assume that there exists a

functional like (here the boundary conditions is not taken into consideration).( ^ ^l
.t(u.v.@. ).a.0 = [[] . + s.(4* ?r ld x d,y,

"uL (x cy )

where l",cr,B are Lagrange multipliers, F is an unknown to be deterrnined.

We call above functional as trial-functional or energy trial-functional. whose stationary
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conditions should sarisfy equations (l), (2) and (3). Making rhe above
stationary, we can obtain following stationary conditions:

d2 : equation (l):
da : equation (2);

dB: equation (3);

^dFdAtiu. _tu&
^AF il
bv: ha
m,4tu&a

The Lagrange multipliers can be preliminarily determined as follows:

d=tt , F=, , )"=-@
and the equations (5) to (7) reduce to :

dF

- 
- tl

A)
dF
^ =-.1

d)
dF_-fl
do

Hence we can identify the unknown F;

F=-fi
The following VP , therefore, can be obtained:

J(u,v,<D) =

,li-Huttn fle

trial-functional

(e)

( l0)

(ll)

(12)

(5)

(6)

(7)

(8)

III-^* *1, * u(@ * - ala' a,

+fJ{xo, -v-.f)- fola,ay i ( l3)

It is easy to prove that its stationary conditions (Euler'.s equations) satisfy equations ( I ),
(2) and (3).

MATHEMATICAL FIORJ}IULATION OF SMALL DISPLACEMENT PROBLEM
IN ELASTICITY

Let t bethe volume of nonlinear elastic body subjected to the action of distributed body
forces 1[ Q:1,2,3\, fo. be the portion of boundary surface subjected ro the action of
external forces p, and fu be the other portion of boundary surface where the
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(2t)

(22)

displacements zi are given. Under static equilibrium, tlre stresses cr;1, strains e,1 and

displacement ?;1 satisfy the following five sets of conditions, namely

I ) Equilibriurn conditions:

oit.j+.f,=0 (in r). (14)

in whiclr o;j.j = 0o,, I &.r.
2) Stress-strain relations: For Iinear elasticity, we have

o;.i = ai.i*r€H (in r) (15)

or

ei, = 6,,*,o*r (in r) (t6)

in which o,i,..l ,biitt represent elastic and compliance tensors respectively.

Let us now introduce the strain energy density I and complementary B. They are
defined in general by

A = Io,j dn,.i = l ro,.iorr* o, 4 = o,,
""u

^(,'ldB6 = tr ',.i 
d o i.i = 

2o iibi.ino kt or 
A= 

ei.i

and satisfy the following energy identity
A+B=€,.ioi.i
3) Strain-displacement relations

I
ut.i = 

2(u;.i 
* u.i.i) (in r)

4) Boundary conditions for given surface displacement

ui =ii (in fr)
5) Boundary conditions for given external force on boundary surface

o1(.;= Pi (in f,)

(t7)

( l8)

(le)

(20)

DERTVATTON OF GVP VIA LIU'S METHpD

ln this section Liu's method is illustrated to establish a more general functional of
generalized variational principle. According to Liu, a trial-functionalian be constructed as

[ollows:
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. !l[{^,(oii,i +l)}d 
'+rB
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123 )

where d1.i,Bi.i liare the Lagrange murtipriers and Is is a boundary integrar.
Making of the above trial'functional stationary to identify the Lagrange rnultipliers

yields

da,; : equation (20);

dp1 :equation( l5);

d2, :equations(14);

d.,i,#+ fi.t-)tt,.i+ A,1.)=o e4\

e,i,#,*aii-Fmnamni.i=o 
es)

-5F*t'6"r*aif i=o Q6)

Here,

5F ffi A.dF, AF dF
66=4- *"'uh'=e-'^''t (27)

which reduces to partial differential, 6F I 6€ = 0F I d$ when F is expressed implicirly
with { ,,. f denotes a kind of independent function.

From the form of the equations (24) to (26), we can identifu preliminarily the multipliers
as follows:

aii= Poii,fii=Qeii, Li=flti (2S)

where p,q,r are constants, and p + r * 0, p + q * 0.
consequently, the trial-functional (4. l ) can be renewed as foilows;

J(oii,ei,ui) =

ffJ{t + po ii@ ;, - }u,., - }',.,t}0,
. I[l{nr,,<oii - aiimne,nn )} d r

.III{*,(o,;,i + f,\ar +r" es)

The above integral has the form of energy that is why the trial-functional is also called
energy trial-fu nctional.
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The stationary conditions of the above renewed trial-functional should
(14) to (20) in r, accordingly, its trial-Euler's equations can reduced to

5F
;_=_(q_r)e;i
Uoii

5F
;-=-(p-q)o,,&it

5F
- =PJi
oui

From equations (4.8)-(a.9), we can identi$ the unknown F as follows:

F = -(q - r)B - (p - q)A + pfpi

Ji-Huan Hb

satisfu equations

(32)

(33)

(30)

(3t)

Consequently, after identiffing the boundary integral, discussed below, we can obtain
the following more general functional of generalized variational principle,

J(ort,ei1,ui) =

-, II!{^ - o,i(e,: - *,,,, - },,.,t - t,,,lo "

-n [lku+ A-eiioii)dt

+' fff{, + u,(o 
4.1 

+ 71\a r

+p !!o,ini(ui -ri)ds +plJf,r, as
\ro

-, [[o,in pid s +r IIIU, - o iin )ui d s
r" ro

Its stationary conditions give

I I .8
6ou: p(e,, - iu,., - ,ui.) - l( 

^- 

et)

dtsl1
+ r(e- 

iu,,,- iu,,,):s

&ii' -(p. rrft- o') = 0

&t,: (p + r\{6;:.: + l) = 0

at Il: (p + r)(u, - 4) = 0
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at f,: (p + r)(P, - o,,n,) = 0
which satisfy equations (14) ro (22) respectively.

Ji-Huan He

(3e)

In particular' this new functional (34) can be reduced into Chien's generalized variational
principle (r=0, p=-l), Hu-Washizu principle (r=0,b=-l,q=0) and
Hellinger-Reissner principle (r = 0, p =0,q = I ).

MODIFIED LIU'S METHOD

In this section we explain the physical meaning of the unknown F in Liu's trial-functional.
Supposing that there exists an unknown variational principle with only one kind of
independent variation (the boundary conditions is not ta-ken into consideraiion until at the
end of this section), we have

J(4) = [[!rro,,,oii,i,€ti,€i,11,u;,ui,j)dr @0)

where f is an independent function, either stresses or strains or displacement, and F is an
unknown to be determined.

Its stationary conditions conespond to one of three governing equations, say, equations
(14)' then the other equations, (15) to (20), in T arethe variitional consffaints. Use of
Lagrange multipliers to remove the constraints yietds following trial-functional:

J(o;i,eii,tti,d;i, F i) =

llj{" + d ii(e ii - }',, - l" ,.,t}o ,

. ![!{Otttttj - aiimnern" )}a " (4r)

w,\ere dii,p;iare the Lagrange multipliers.

By the same manipulation, we preliminarily identif, the multipliers as follows:

dij = Poij, f ii = Q€ii $2)
Thus the trial-functional (41) can be renewed as follows:

J(oii,eii,ili) =

lljit + po ;i(ei. - *'',' - I,,.,tlo,
* [l[{nt,t(o;: -ai;',ne,"n )} d r (43)

A careful inspection and analysis of the trial-functionals (29) and (43) reveal that the
energy integral can be readily constructed directly from its governing equations. This
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interesting discovery leads to a modified Liu's method or semi-inverse method, which has

found its application not only in fluid mechanics[8-15] , but also in elasticityfi6,17].

The identification of the unknown F is very similar to that of Lagrange multipliers. Making
the above trial-functional stationary yields following Euler's equations:

lr 5F
P(et:- zr'.t- jui.i) + qeij+ 

u% = ,

Po,s + tt(o,: -a1rngn.,n ) - Q€^no^nii + S = 0" cEij

6F
P6,,.r* &rr=u

(44)

(45)

(46)

(4e)

The above equations with unknown F is called as trial-Euler's equations, which should
satisry the equation (14), (15) to (19) and (20). Accordingly, equations (51), (53) and (54)
reduce to

6F
7- = -Q€ii
Uoil

6F (-p + q)oii
8,,

5F
- =PJi
oui

Therefore, the unknown Fcan be readily identified as follows:

F=-QB+(q- p),4+ pf,u,

Following GVP, we then obtain,

J(oi.1,eii,Ui) =

$l{-rt +(q - p)A+ p\,",\a'

. III{r", @,, - }u,,, - },,1}0,
.IIJ{nrut oi5 - aii^n€*")}o t (sr)

As I = eilaii*re^n l2,the above functional can be rewritten as follows:

(47)

(48)

(s0)

J(oii,eii,u) =

-, III{^ - iiui - o ii(e ii - i,,,, - i",.,>}0,
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ffJ{-, + fiui + oii(eii -},,,, -!ru,,,,}o "
. lff{r(-" - A + 

",,o,,)l 
a,
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-ul[lo+A-e,,oi)d,r .,2)

This can be converted into Chien variational principle when p = l, q = 1, :

Now we illustrate how to eliminate the constraints of boundary conditions by semi-inverse
method The trial-functional can be constructed as follows:

J 6rp (o ii, e a,ur) = J g.;.r(o ii, e ii, ui)

* lJcas * lJaasr, rn

where G and l/are unknowns .

Making the above trail-firnctional (54) stationary, and using the Green's theory at the
boundary, one crtt obgin following stationary conditions:

At the bourdary \ ,

^ffitui: -o,{i*A=O
^ffido,,i 

- 
- 0u 5oii

which should satisp the boundary conditions (21), that is,

ffi
tJ= ui-frt

ooii
From (55) and (57), the unknown G can be determined as follows:

G = oiini(ui -i)
By the same manipulation, at the boundary lo, we have

^5Hfuii 
e'r= 

oiini = Fi

&,,: I =g" ooij
Accordingly, tlp wfuvrn llcan bc ktentified as bllows:

Jwrml of Meclndtut EalnaAry Mr od frzvetq*eas, Vot. 2 I - 2 2, t 999

(53)

(s4)

(55)

(s6)

(s7)

(s8)

(5e)

(60)
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H = piu,

Ji-Huan He

(61)

(63)

(65)

Therefore the following GVP with more general form of functional can be obtained:
J(o,er,u,) =

eet( I I I
JJJ{-' + fiui + ou(eu -r",,, - ,"t.,>lar
.!!l^r-u- A+ero)dr

f {J"un,fri 
-ui)ds +lJFruids rc2)

By constraint-recovering method [8], substituting (19) into the above functional yields
well-known Hu-washizu principle under the constraints of equation (19):

Jr*(e1i,ui) =

ffd-, + riu, + o,,(e,, - )r,, - Ir,,,>\0,
+ [!os"1ui -ii)ds + 

lJr-iur 
ds

f, fo
Integrating by parts,

J(e13,u)= lll{-, + f,u, + oiieii+ o,,,,u,1d,

+ [[o,yit i,- zri)ds + 
lJr-rzr 

ds
f, fo

-So,,niu,ds
dt

or

J(ei1,u,) = I[ll-u + f,u, + .uet+ o,,.,u,!d"

- [[ou",n,as * lJfZ - oiin)uids i

rn I'
Substitution of constraint equations (19) into the above firnctionat, without changing its

stationary conditions, yields the well-known Heilinger-Reissner principle,

J rs(o 1i,u)= llj{ u + (fi + o ;1)uil a, - [[o,,r,z; d s + lltZ - o iy 1)u; d S
r" r"

(66)
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So, the Hu-Washizu principle and Hellinger-Reissner principle are
variational principles under the constraints ofstress-sffain relations [4, I 7],

CONCLUSION

Ji-Huan He

all conditioned

In this paper, the author has successfully applied Liu's systematic method to elasticity. As a

result, a more genera functional of generalized variational principle, which was unknown to
us till now. has been obtained. The results can be extended readily to nonlinear elasticity.

ACKNOWLEDGMENT

I wish to thank an unknown referee for his careful review and for useful remarks. which
leads to improvement of English level of this paper. The work was carried out with
financial support from National Key Basic Research Special Fund (no. G1998020318) and

Shanghai Education Foundation for Young Scientists (98QN47).

REFERENCES

tll Hu, H.C. Some VariationalPrinciples in Elasticity and Plasticity , Acta Physica

Sinica, l0(3), 259-290 ( I 954)

I2l Chien, W.Z On Generalized Variational Principles of Elasticity and Its
Application to Plate and Shell Problems (in Chinese), 1964 (see Selected
Ifork of Wei-Zang Chien,l 989, Fuj ian Education Press 4 I 9-444)

t3] Washizu, K. On the variational principles of elasticity and plasticity, Aeroelastic
and Structures Research Laboratory, Massachusetls lnstitute of Technology,
Technical Report, 25- I 8, March I 955

t4l Chien, W.Z. Method of High-Order Lagrange Multiplier and Generalized
Variational Principles of Elasticity with More General Forms of Functionals ,

Applied Mathematics and Mechanics, 4 (2),137- 150 (1983)

l5l Lirr G.L. On Variational Crisis and Generalized Variational Principles for
lnverse and Hybrid Problems of Free Surface Flow, Proc. 6th Asian Congress

of Fluid Mechanics,Singapore ( I 995)

t6] He, J.H. On Variational Crisis in Fluid Mechanics and Their Removal (in
Chinese), 4thCongress of China Induslry & Applied Mathematics, Shanghai(
re96)

Ul HeJ.H. Generalized Variational Principles for l-D Unsteady Compressible

Flow in a Varying Cross-Section(in Chinese), J. Shanghai University,5(2), 584-
s90 (1996)

t8l Liu, G.L. A Systematic Approach to the Research and Transformation for
Variational Principles in Fluid Mechanics with Emphasis on lnverse and

Hybrid Problems , Proc. of lst Int. Symp. Aerothermo-Dynamics of Internal
Flow,,l28-135 (1990)

t9l He, J.H. Semi-inverse Method of Establishing Generalized Variational
Principles for Fluid mechanics with Emphasis on Turbomachinery
Aerodynamic s, I nt er l. J, Tur bo & J e t- E ngine s, | 4(l ), I 99 7, 23'28

t10l He, J.H. Modified Lagrange multiplier Method and Generalized Variational

Journal ofMechanical Engineering Research and Devqlopments, Vol.2l-22, 1999



tl Tl

Variational Principles of Elasticity Ji-Huon He

[11]

112l

lt3l

ll4l

ll sl

t l6l

principles in Fluid Mechanics, J. Shanghai University (Engli.sh Edition). l(2),
t997
He, J.H. A Generalized Variational Principle for 3-D Unsteady Transonic
Rotational Flow in Rotor Using Clebsch Variables, Interl. J, Turbo & Jet-

Engines, I 4(1),1997, 17 -22

He, J.H. Semi-lnverse MethodA New Approach to Establishing Variational
Principles for Fluid Mechanics(in Chinese), J. Engineering Thermophysics,
t8(4), 440-444(1997)
He,J.H. Generalized Variational Principles for 3-D Unsteady lnviscid

. Compressible Flow(in Chinese). J. ShanghaiUniversitl',3(l).99-105(1997)
He,J.H. Generalized Variational Principles for l-D Unsteadl' Compressible
Flow in a Tube with Varying Cross-Section by Semi-lnverse Method(in
Chinese), J. Shanghai U niv ers ity, 3 (3),299 -307 (l 997 )
He, J.H. On C.C. Lin's Constraints(in Chinese), Modern Mechanics and
Advqnces in Science and Technologt, edit by F. G.. Zhuang, Qinghua
University Press, Beijing, 1997 ,603-604
He, J.H. lnvolutory Transformation without Using Lagrange Multipliers and

Its Applications to Establishing Variational Principles with Multi-Variables in

Thin Plate Bending Problems(in Chinese), Mctdern Mechunics and Advances

in Science and Technologt, edit by F. G., Zhuang, Qinghua University Press,

Beijing, 1997,1417 -1418

He, J.H. Equivalent Theorem of Hellinger-Reissner and Hu-Washizu
Principles , J. Shanghai University (Englkh Edilion).1( I ). 1997. 3G .ll

Journal oJ'Mechanical Engineering Researchand Developnrents, l'ol.2l-22, 1999


