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TESTRACT

The performancc prediction of vertiial-axis straight-bladed Darrieus wind turbines with blades of cambered
rss-section is performcd based on cascadc principle similar to that used in turbomachines. The correlation of the
$culated resuls including bladesof cambcred cross-section with those includingblades of symmetric cross-section
rhorv that therc occur improvement in power characteristics if blades of cambered cross-section are applied.
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projectcd frontal area of turbine
aspect ratio = H/C
blade chord
blade drag coefficient
overall drag coefficient
blade lift coefficienr
normal force coeflicient

ovcrall powcr coclficien1 = py (12 p AV-3 )
overall lorque cocl I lclent

urn gential force coefficient
Bhde drag force
maximum camber

ndmal force (in radial direction)
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Po

P

a
R

DlL
azimuth angle

tip speed ratio = Rto/V

kinernatic viscosity
fluid density
solidity - NC/R
angul& velocity of turbine in rad/sec.

Subscript

d downsream side
u upstream side

x,y x-axis, y-axis
12 cascade inlet, cascade outlel

1. INTRODUCTION

The cascade theory presented by Hirsch and

Mandal [] is applied for the performance prediction of
vertical-axis sraight bladed Darrieus wind turbines. In
order to eliminate the convergence problem associated
with the momentum theory cspecially fora turbine wittr
high solidity, higher blade pitching and at higher tip
speed ratio and to avoid vortex model which cannot

always predict performance reasonably, rather it often
creates convergence problem and consumes vory high
computation time, the cascade theory is uscd in ttris
analysis.
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The analysis incorporates the turbinc bladcs of
cambered cross-section in place of convcntional

symmctric one. Using blades of cambcrcd cross-

section, tre lift forces increase in the upstrcam side and

dccrease in the downstream sidc in gencral if
compared to those for a turbine with bladcs of
symmetric cross-section' As a result highcr powcr is

produced in the upstream side and lower power is

produced in the downstream side if compared to thosc

produced by the turbine with blades of symmctric cross

section. However, the net power production of the

turbine with blades of cambercd cross-scction is always

higherthan thatwith blades of symmetric cross-section'

Aspect ratio effect is encountered in thc analysis

in accordance wilh thereference [2]. Theeffectof zero-

lift drag cocfficient is taken into account in the

calculation referring to 0re model presented by Hirsch

and Mandal [3]. References [4], [5], [6] and [7] are

consulted in order to considcr the lift-drag
characteristics in the calculation.

2. AERODYNAMTCTHEORY

2.1 Blade Angles and Velocities

The expressions of angle of attack and relative

flow velocity for upstream side may be written as,

refening to the figures I and 2,

-1,ct =tan I
au

sin0
v

R<o 7 
'au 

* cosoV- V-**=bffi(2)
v_ v* V "v* v_'

For downsrrcam side similar exprcssions of
angle of attack and relative flow velocity are obtained.

The Danieus turbine is assumed in tlre form of
cascade after finding the angle of attack and relative
flow velocity as shown in the figure 3. The cascade is
considered in a plane normal o the turbine axis. If ttre

blade represcnted by (l) at an azimuthal angle 0 is
considered as the reference blade, the flow conditions
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static pressure

overall power

atmospheric Pressure
overall torque

turbine radius at equator

R. turbine speed Reynolds Number = RoC/o

R"- wind speed Renolds Number = V-Cn)

t bladesPacing = (2tR/t'|
V. induced velocitY

v: wake velocity in uPstream side

V- wake velocity in downstream side

V; velocity contributed by circulation
V* wind velocitY

W relative flow velocitY

Wo relative flow velocity appearing in rectilinear

flow

c' angleofatlack
oo angle of attack in rectilinear flow

T- blade pitch angle

[' circulation pcr unit length
APo" total pressuie loss terrn(total cascade loss)
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0n the orher two blades rcpresenLed by (2) and (3) are
;ssumed to beequal to thosc of lhercfcrcncc blade. This
froc€ss is continued for one complcte revolution of rhc
reference blade wittr a step of 60.

In the following analysis, the general
nathcmatical expressions are obtained for upstream
and downstrearn sidcs by omitting the subscripG u andi. However, thesc expressions may be applietl for
upsEeam and downsLrcam sidcs by subscripting fhc
lariable paramcbrs (dcpendcnt on sides of iurbines)
* ith u for upslrcam and d for downstream.

The velocity diagram on the refcrence blade
slement, of the cascade configuration is shown in $e
figure 4. A control surlacc is considercd in t]ris figure
consisting of two lincs paraltcl to fte cascadc front. and
r*'o identical streamlines having intcrspacc t.

The relative flow vclocities ( q, Wr) and thc
;nglcs of.arta.1. (9, S, ) at tlre cascadc inlct and ourler
rnay Dc determtncd from fte figure 4. Bladc elemcnt
rpstrqun and downstream sides are respecdvcly tcrmed
.rs cascade inlet and oudet. W,, W, , o, and c, are
expressed as,

F, = ,ri ( Wrcoscr, - w, coscr, ) (s)

Applying thecontinuityequation, thc mass flow ratc ni
can be detcrmined as,

o
m = PHt W, sinc, = pHt W, sincr, = pHr W* (9)

The force in the normal direction to thc cascade may be
found as,

Fn = nl(wt sina, - w, sina, ) + Ht (n, - pr) (ro)

Considcring the total cascadc loss by a total prcssure
loss trcrm APo, and using Bernoulli's equadon L"r*"an
lhe cascade inlet and oudet, one obmins,

(r) Pr -Pz =*(4 4l * aPou (t r )

(+)

2.3 VelocityContributed by Circulation :

The circulation abour Lhc blacle profilc is dcfincd
8S,

f 
- -r =+Wds (12)

2.2 AerodynamicForce:

- Along the bounding streamlincs the prcssure
forccs are canccllcd (figure 4), viscous forccJ can be
ncglectcd outside thc boundary layers. Only thcre
remains thc momcntum flux througtr the straicit linesparallcl to fte cascarte front. So rtc"force inltre'tangcn-
tial direction duc to fte rarc of change of momenlum is
obtaincd as,

Its contribution along the srcamlines is canccllcd by
virtuc of the opposing dircctions of S, while tlrc
contribution along the parallcl direction of tlre cascadc
front is retained. As a result thc circulation bccomcs,

(wy- vr)2

,t.

(\* vr)2

v2

w- /v
ol = ttn (s)

-r. \/v-o2='* tqFJnal (e)

th::: :Yil-r_tht 
velociry conrributed by circularion fH.r - IS Wftttell OSr

v_rH_NrH'r - zt 4nR (z)
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P = t (W2 coscr2 - W, cosar) (r:)

From $e equalions (S), (9) and (13), one may obrain,

,.,w: w'lx_ = _+tt
1.,wl w-zx _+
)av- v'

F
t (r +)
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Figure 1 : Horizontal seetion of a straight-bladed
Darrieus Turbine shovring: flow velocity

Figrire 2 Relative flow velocity on aCambered blade airfoil
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Figur€ 3: Developnent of blade.s ino cascade configuradon,

Mech. Engg.Res. Bull., Vol. t2 (1989)

59



Refening to the figure 5, the lift force can be lound as,

L= \,1 * L" (ts)

where, \O = Ft/ sinaO (to)

L" = P cot{rg (rz) |

Introducing r = D&, substituting cqrntion (14) and

inserlins W = W sinc". from the figurc 4, the final
form oithe frrt may'ue wntlcn as,

L = oYY^11----J-' u (t- rcotcrg)
(rs)

The lifi force L is &fincd as,

L=+c,o{cH
Finding tlre circulation from the equations (18) and

(19), substituting into the equation (7), the velocity con-

tributed by circulation is obtained as,

]t = t c,+prt-e "otcto)H 
(zo)

v-gnrR€

2.4 Total Pressure LossTerm

Refening to the figure 5, the normal force due o
pressure loss is found as,

Df =-nv sinao

The forcc drrc to prcssue loss may also be written as,

oPon t ca Nc

ot?-=;tt"% 
-

4
7 (zq)

(rs)

2.5 Velocity Ratios

' Using Bernoulli's equation with the absolute

velocitics in front of and behind the cascade, the

following equations are obtained,

(r,,o- Pro) = te*- u3) (zs)

Subscripting the variable parameters in the equations

( I 1) and (24) by u for the upsream side and substituting
into tlre cquation (25), tfre wake vclocity ratio for the

upstream side may be determined as,

Similarly the expression of the wake velocity ratio for
the downstream side can be obtained as,

V
e

v
6

v
.w
V

e

#'1 c #
:1.3__ ld' - l-Nr dd od

I ? zr R sirsod n
.(m

(zt)

From the equations (21), (22) and (23), the pressure loss

term may bc expressed, introducing t, = 2rR/t'{, as,
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ec
In order to determine theinduced velocity, rclationships
between wakeand induced velocitiesas in dtereference

[ ] are applied which are, for upstrcam sidc,

VV
--g.u-= (+)rtt (zs)
VV€

for downstream side,

v
ad-t \

e

Thc valuc of thc exponent \ is found from the following
rclation in accordance with the refcrcnce [l].

k. = ( .425 + 332o) (lo)
I

whcre o = NC/R is the solidity of Darricus turbine.
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The drag force D is defined as,

D = ! c.od cu2 o' u

,(9 $, llq^)!$*,,
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Figure4: velocity diagram on the blade section.

Flgure 5: Force diagram on the,blade section.
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Figure 6: Velocities and forces on blade airfoil with pitching.
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2.6 Blade Pitching

Figurc 6 shows ths vclocitics and thc forccs

acting on tlre blade airfoil with pitching. In this analysis

pitching is considered to bc positivc for thc bladc airfoil

nosc rotating in the outward dircction from the blade

flight path. As a result for thc upstrcam sidc thc anglc of
atlack bccomes.

o =cl -1 (lt)
u0upu

and for the downstrcam side the anglc of attack bc-

comcs,

od=ood*Tpd (tz)

whcrc Y and v . arc thc nirch anglcs in thc upstrcam and

thc dJT'vnstrifrm sid'es rcspcctivcly. Lilt drag

charactcristics are taken corrcsponding to cr'u and oo'

2.7 Lilt Drag Characteristics

The airfoil charactcristics for the cambcrcd

blade protile are not available for thc widcr rangc of
Reynolds numbcrand theanglesof attack. Butthcse arc

ncccssary in tlre calculation of pcrformance prediction'

As a result a mcthod is dcvelopcd in ordcr to modily thc

lift drag charactcristics of a symmctric airfoil m be

applicable for the cambcrcd airfoil with samc tltickncss'

The calculatcd lift drag charactcristics by thc applicd

mctlrod sive excellcnt corclation with thc availublc
cxp-CrimEnnl valucs of C, - Co charactcristics lor tle
cambered airtoil.

Using the concept of thin airfoil thcory airfoil
charactcristics are modified. The expression of
modified angle of atlack is writtcn as,

(rr)

whcre d,* is the correctcd angle of attack to take into
account of cambemess effect and u is the calculated
angle of attack. C" - Co are chosen corresponding to the

value of cr*o from the C, - Cu charactcristics of a

symmctric airfoil. cr* is oblained from,
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a = tan-l (
cor :

) (34)

whcre f is the maximum cambcr of the blade prolile.

3. RESULTS AND DISCUSSIONS

The calculatcd valucs of overall powcr' I'orquc

and drag cocfficicns for thc turbine with bladcs of
cambcrcd cross-scction are compared with thosc for
thc turbine with blatlcs o[symmctric cross-scction,

which can bc sccn from thc figurcs ?, 8 and 9

respectively. One may obscrve from thcsc figurcs that

the pcrformance c[aractcristies of a turbinc with blades

of cambcrcd cross-section improves if compared to

those of a turbine with bladcs of symmetric cross-',

section. The figurcs 10,1 I and l2 rcspcctivcly show thc

comparisons of power cocfficicnts with tip specd ratios

at diffcrent fixecl, sinusoidal and combined (fixcd plus

sinusoidal) bladc pitching. Comparativc rcsults of
turbines with blades of both cambcred and symmetric

cross-sections are also included in these figures. These

figurcs rcveal thatcmploying bladc pitching thercoccur

improvcment of power cocfficicns.

In gcncral for thc turbine blades wi& cross'

scction of cambcred profilc, lift valucs increase in thc

upsueam side and dccrease in the downstrcam side

rcsulting highcr torquc in upstrcam sidc and lower

torquc in downstrsam sidc in comparison to thosc for the

turbine blades with cross-scction of symmelric profile.

Howcver, the combined effcct on torque due to the

upstream and downstream sidcs of thc turbine with

blades of cambercd cross-soction crcatcs higher torquc

thereby making improvcment of rotor power but nol in

appreciable amounl. in each of the cases wih and

without bladc pitchings.

In the figures 13 and 14 respectivcly,

comparisons of the valuesof induced vclocity ratiosand

local angle of attack calculatcd by cascade rhcory with

bladcs of both cambercd and symmctric cross-scctions

and simple multiple strcamtubc thcory are made. The

tip speed ratio iskeptconstantat4.5. From ttre figurc 13,

it is seen that the induced velocity ratios by the cascade

thcory differ significantly from 0rose by simplc

multiple sreamtube theory.In the simplc multiplc

Mech. Engg.Res. Bull., Vol. l2 (19S9)
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Eigure 9 : Cci-mpariaons of overall drag coefficient at variouseolidities.
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Figure 11 : comparisons of o-v-e-ralr power coefficients with tip
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str.caTrluh theory it is assumcrl rhat thc induccrl
vclocities in the upsrcam and rhc downslrcam sicrcs of' thc rotor are consant. But in thc.cascarjc ihcory ror thcupsrrcam and rhe downsrcam sioci jtrcsJ iiiai.urrrcj
scparatcly. In thc cascadc thcory, frc drop of axial
velocity.occurs twice one in the uprt 

"_l sidc anrl
another in the downstream side. The wake vclocity in
the upstrcam side acB as rlre inlct vclociry in rhc
downstream side. As a rcsuh thc induccd vclocirics in
the upstrearn side are higher than lhosc in lhc
downsream side which is dcpicrcd in thc figurc 13.
From rhis figure it is also ob'scrvcd t.r,"i:it" induccrl
vclocity ratios calculated by cascadc thocry .for lhc
bladcs of cambcred cross_scction varics in small
amount in comparison with those calculatcd by cascadc
thcory for the blades of symmctric cross_sccl.ion. In thc
upsfrcam side for thc blatlc cross_scction o[ cambcrcd
profilc the lift value increascs, making thc highcr bladc
el919nt drag force in frcc srream iclocirlioirccrion
which is to be balancecl by rhe highcrdrag produccd duc
to thc change of momcntum and it occurs with the lowcr
value of induced vclocity.

It may be observed from tlrc figurc 14 rhat rhc
local angles of auack hy ttrc ,uruJ" drcory dill.cr
appreciably from ftosc by simple muldple srcamtubc
thcory. But the local anglc of uttuck valucs by rhc

91s9ade thcory for the bladcs of cambcrcd cross_sccrion
diffcr in small amounr from *rosc by rhc cascadc rhcory
for thc blades of symrnckic cross_scction. Figurc l3
rcveals that induccd vclocitics in rhe upstrcam sidc fall
for lhc cascade lheory with bladcs of cambercd cross_
scction than thosc for the cascadc thcory witlr bladcs ot
symmclric cross-seclion, which is thc rcason ofrclativcly lower anglcs of athck in upstrcam sidc.
Similarly anglcsofathck in thcdown.o*m siOcs may
bc explaincd.

Refcring [o Lhc figurcs 15 and 16 for thc
comparalive values of non<limcnsional hngential andn?r.r.{ forccs, onc may obscrve that by.o-ri"u,l. ,},"ory
with bladcs of cambercd cros.s_sccrion -O ,fn*",.i.
cross-sccLion, lhc lorccs in lhc upsl.rcarn siOc arc trigtrcr
than those in Iie downstrcam side whilc by thc simplc
rnulilple streamtube freory, *rese forces Lc cqual in
both upstream and downslrcam sidcs. Figurc l5 shows
thar highcr forccs are producccl in he upsri.u, ,ir" mun
those in rhe downsfeam sidc. This can L" c*pfain"A
easily from the figurc 14 showing anglc oi arLacL
distribution. Thesc anglcs arc bclow-thc sr.ailing angtc,
so for highcr anglc r}crc is highcr lifr, f,cncJnlgf,c.
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tangential force and vice versa. Cascadc thcorv wirlr
bladcs of cambcrcd cross-section give rclati"ejifrigirci
bladc litrvaluc which is theoutcomeof relativcly highcr
local tangential force in the upstrcam side. figure t6
showing local normal forcc distributions may be
cxplaincd in the same manner as for the case of
tangcntial force distribution in the figure 15.
4. CONCLUSIONS

Performance of a vertical axis straight bladccl
Darricus turbine with blades of cambcrcd crJss_secfion
improves but not in rcmarkable arnount if compared to
that of a Darrieus turbinc with btadcs of symmetric
cross-sccl.ion

. Ernploying bladcs of cambcrcd cross_scction in
placc of symmctric cross_scction, the tocal values ofpower increase in upstrcam sidc and dccreasc in
downstrcam side in gcncral.

Pcrformancc analysis h:rs bccn marlc with thc
ca-scade drcory mainly bccause the momentum treory
fails to prcdict rhc pcrformance at highcr tip spccd
ratios, ar highcr solidirics and highcr blide pirchings.
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