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ABSTRACT

a Darrieus Turbine with Cascade Theory

A theoretical investigation of the performance prediction of a straight-Bladed Darrieus wind turbine with blade
pitching is presented. Blade pitching is incorporated into the cascade theory. For any solidity of turbine, blade pitching
and tip speed ratio within the usable values, performance analysis of a Darieus turbine may be done without
convergence problem associated with the conventional methods.

NOMENCLATURE
V[ velocity contributed by circulation

V" wind velocity
W relative flow velocity
Wo relative flow velocity appearing in rectilinear

[1ow

cr, angle of athck
oo angle of attack appearing in rectilinear flow
y- blade pitch angle

[' circulalion per unit lcngth
0 azimuth angle

l, tip s1r,.d rrrrio
D kinenruLic . 

'icosityp fluid densiry
o solidiry = NC/R
o angularvelocityofturbinein radlsec.

Subscripts

d downsream side

u upstream side
I cascade inlet
2 cascade outlet

A
AR
c
cd
cp

ca
D
F"
Ft
H
L
m
N
P

a
R

t
R
R\r

t
v

projected frontal area of turhine
aspect ratio = FVC

blade chord
drag coefhcient
overall power coefficient
overal torque coefficient
blade drag force
normal force in radial direction
tangential force
height of turbine
blade lift force
mass flow rate
number of blades
static pressure

overall torque
radius of turbine

blade spacing = (2rRArI)
turbine speed Reynolds number = RolC/u
wind speed Reynolds number = V_C/u
induced velocity
wake velocity
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INTRODUCTION

In order to determine the performance characteris-
tics of a straight-bladed Darrieus wind turbine, blade
pitching is added to the cascade theory presented by
Hirsch and Mandal []. The conventional methods of
simple multiple streamtube theory as suggested by
Strickland [2] and multiple streantube model with flow
curvature effect including blade pirching [3] cannot
predict the pcrformance at very high solidity and high tip
speed ratio and it cannot encounter any value of blade
pitching because of t}re convergence problem indicating
the limitation of ttre theory. Moreover, if the vortex
theory [4] is applied it cannot also predict the perform-
ance of a Darrieus turbine reasonably rather it often
creates convergence problem and takes very high com-
putation time. However, the cascade theory including
the blade pirching may determine performance without
making any convergence problem even for a high solid-
ity turbine, at high tip speed ratio and for any value of
blade pitching within &e usable range.

Aspect ratio effect is taken inlo account in the
calculation t5l. Two dimensional lift,drag
characteristics are considered in the calculation in
accordance with the references [6],[7], [8] and t9l. The
effect ofzero lift-drag coefficient as a function of chord-
radius ratio is also encountered in the calculation [10].
No correlation of calculated and experimental results are
made because of tle nonavailability of the experimental
results with the blade pitching. However, cascade theory
always show good correlation with the available
experimental results without blade pitching.

AERODYNAMIC THEORY

The cascade theory presented in the refercnce []
is applied to determine fte performance characteristicS
of a straight-bladed Darrieus wind turbine. The turbine
overall power coefficient is obtained from,

Cp=Ce 'I 0)

where Co is the turbine overall torque coefficient

and l, is the tip speed ratio. The lurbine torque
coefficient may be expressed as,

2

aco=* A)

*pef-n
2',

Tip speed ratio may be written as,

-RoI =lf 0)

The expression of the ovcrall torque coefficient may be
determined in the following way. Figure I shows the
velocities and forces on blade airfoil witlr pitching in
cascade configuration. Along the bounding streamlines
(figure l), the pressure forces are cancelled; viscous
forces can be neglected outside of the boundary layers.
There exists only the momentxm flux through the
straight lines parallel o tlre cascade plane. So the force
in the tangential direction due to the rate of change of
momentum is obtained as,

F,= rf,{wrwr-wrcosor) (4)

Applying conrinuity equation, the mass flow rate ft can

be found as,

f =ptW,sirslH=ptWr$rngH=p \H (5)

From the equarions (4) and (1 tr, unguntial force F,

becomes,

'r2
F, = pt(Wisirurcoeca- Wt sirur cctr )H (6)

Tangential force represented by the equation (6) is for
any azimuthal position, so writing t=2nRA'{ in the

equation (6), one maY obtain,

F,O = p+t{."tg-..9 - {srrcqcq )H 0)

Averagetangential forceon oneblade forblade length of
H, may be written as,
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Theblade torque fornumberof bladesNon blade length
of H is obtained as,

Q = NF..R p)

Now from rhe equarions e),e),(g) and (9), one
may derive the expression of overall torque coefficient
8S'

".=i,#**-* $,*ma,)ae oo)

w!r,ere.w,, Ir md--{,, or.Jroono as in accordance
wrth the retbrence [1],

q-{-(*'r-v.)'
7=7*T or)

; ; ,*, iu",,
7=7'T 02)

The velocity ratios for both the upstream and down_
stream sides may be calculated from the similar equa_
tions given above. However, while calculating the in_
duced velocity ratio downstream side, the wake veloc_
ity of upstream side is assumed as the free stream
velocity for the downstream side.

To encounter the effect of blade pitching the angle
of attack value is needed o be altcred from that without
blade pitching. In ttre analysis pitching is considered to
be positive for the blade airfoil nose rotating in the
outward direction from the blade flight path. As a result
for upstream side the angle of attack becomes,

{, = o* - h, (lg)

and that for the downsl.ream side,

ctd = ood + TF 09)

where yo" and T* are the pitch angles in the upstream and
the downstream sides respectively. d,o is expressed astll, ru

-l
%, = tan

+o$%=trt
] eor

sinO

ver

"_

Ror ,TI03)

w'/v_
11 - v.)/v_

,I

.,^ = tar{ | w-/v- IL L(\+v.)ly_t

The expression of the wake velocity
obtained as [l],

, (* $, ++ "'S .5)f- t' 2'5 R rt*, t
hfu€d velocity ratio is written in the form,

Y .v
7 = t# l* (16)

rbe rb.ex;, *, J", be determined from.,

\=(.4X + 332o ) 07)
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_^_,^_,_1*.,ray, be.obtained from the equation (20)
rcptacmg the subscript u by d.

The lift and drag characteristics are taken

i.Tffi#;xli:r# oj[i,,.h, IilnTlx']. ?il.."f
have not been subscripted to make them generalized.
Subscripts u and d are used with the paru*it"r, for tre
upstrqrm and the downstream sides respectively.

Iteration process is applied in order to calculate
the velocity ratios used in ttre equation (10). Induced
velocity ratios for upstrcam and downstream sides are
calculated separately. For the known values of tip speed
ratio, solidity and azimuth angle, the stailing value of
induced velocity ratio is eirherihosen as unitior as that
calculated for the prior station. Now the new value of the
induced velocity ratio is determined by using the
equation (16). Thisprocess iscontinued until fte inlucea
velocity ratio is obtained with desired accuracy. The
power coefficient (equation l) is calculated by

ratio

04)

may be

v
e

v



numerical integration method with the help of
Sympson's rule.

RESULTS AND DISCUSSIONS

Performance characteristics of sraight-bladed

Darrieus wind turbines with blade pitching have been

presented in the figure 2 to 5 of which the figures 2 and

3 show respectively the comparisons of the calculated

values of overall power and torque coefficients by botlt

cascade theory and multiple streamtube theory with flow

curvature effect [3] at various fixed pirching (positive).

The results in these figures are shown employing

pitching with the West Virginia University outdoor test

model [11]. It is observed from the figures 2 and 3 that

differences between the calculated values by cascade

theory and those by multiple streamtube theory with

flow curvature effect are not appreciable. It is also

observed ttrat with the application of fixed pitching, the

rotorpoweralways decreases. The higher is the pitching,

the lower is the power coefficient. The figure 3 shows

that with the variation of blade fixed pitching, there is

very negligible variation of the torque at very low tip
speed ratio. It indicates that incorporating fixed pitching,

starting torque of a turbine cannot be improved. It has

also been investigated theoretically tlrat employing

negative fixed pilching, there occurs negligible change

in starting torque.

Incorporating fixed blade pitching (positive), the

angle ofat[ack decreases in the upstream and increases

in the downstream sides. So the blade airfoil lift
coefficient drops in the upstream side and rises in the

downstream side which are the outcome of lower
tangential force coefficients in the upstream and higher

tangential force coefficients in the downstream sides in
general. But the increased angles of attack in the

downstream side sometimes go beyond stalling angle

which again are the causes of reduced tangential force

coefficients. However, the net effect always reduces the
power coefficients.

Figures 4 and 5 show that the amplitude of
angular pitch variation (sinusoidal) has significant

effects in the performzpe curves. The figure 4 reveals

that as the amplitude increases power rises wittt increase

of amplitude in lower range while with further increase

of amplitude, power begin to fall considerably. The

figure 5 shows that as tlre amplitude increases there

occurs remarkable increase of tlre torque at very low tip

speed ratio indicating fte increase of starting torque as

well. In these hgures performance curYes with 12 degree

amplitude is for thePinson cycloturbine of U.S.A. [12].
Ol.her curves are plotted with various amplitudes of
sinusoidal pitch variations for comparative study. The

calculation is done by cascade theory only, since with

higher solidity, with higher blade pitching and at higher
r i f spccd ratio memen$m theory cannot give reasonable

Convergence. From the figure 2 it is seen that with the

i_,
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I
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_t
Velocities and forces on blade airfoil with pitching
in cascade configuration,

4

Figure 1 :
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Figure ? : Variations of overall power coefficients with tip speed
ratios at different fixed blade pitchings.

calculated : (cascade) (rnultiple streamtube with curvature,Ref.[3])
symbol:+a*xoooD
pitch(deg.): 0 2 5 ? 0 2 5 7

t.oo td I

2.OO 3.OO 4.OO 5.OO 6.00 ?.OO

2.OO l.OO 4-OO

I (=n'.r/v-t

!.oo

(multiple streamtube with curvatu*-'.':+
OooD
0257

Figure 3 :

calculated i

symbol :

pitch(deg. ):

(cascade)
+Att
825

. I (eRr*r/Vr)

Variations of overall torque coefficients with tip speed
ratios at different fixed blade pitchings.

x
7

Airtoil: NACA OOIS

Rr1 : 1316OO

6 . '22a
AR = 18.?
N e2
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Airloil,NACA ool5
Re* = 225OOO

d = '49o
AR = 8'O5
N =3

t.oo 2.oo 3.OO 4.OO 5.OO 6.00

I (= fql./Vo)

Figur.e 4 ; Variations of overali power coeffieients with tip speed
ratios at different amplitucles of sinusoidal pitch variation.

symbol

Yr, 
(de8"' )

change of magnitud$ of fixed pitching peak power

remains in the higher tip speed ratio side while the figure
4 shows that with the change of amplitude of sinusoidal
pitching, it gradually proceeds towards ttre lower tip
speed ratio side. From the'figrne 5 one may nots that a
cyclonrbine with sinusoidal pitch variation may
develop self-starting capability.

, As ttre sinusoidal pitching is incorporated into

the nrbine blade, the local angles of attack decrease in

the upstream as well as in the downstream side in

general. In the higher tip speed ratio range, these angles

iemain below the sblling angle. As aresult with lower

angles of attack, the lift coefficients become lower

wh-ich are the results of lower tangential force coeffi-

ciens. So the power coefhciens fall with the rise of
amplitude of sinusoidal blade pitching' But there

appear the exception at very low pitching as the figure4

rito*.. According to tfris figure at low tip speed ratio

range, the power coefficient increases with the rise of

u*ftitoa" Jf pitching. It is because, 
^t 

zeto pitching,

6

;*A*'xOtr
: 0 Ssin8 l-0sinO 12sin0 15sin6 20sin0

angles of attack in many stations are above stalling angle

but employing sinusoidal pirching (as a result of reduc-

tion of angle of attack) relatively lower number of
stations occur in the stalling region. Incorporating lhe

blade pitching, there appears relatively favourable

local angles of attack distribution which makes

favourable local tangential forces, as a result torque

coefficients at low tip speed ratio increases with sinu-

soidal pitching.

CONCLUSIONS
The prediction theory used may determine

performance analysis of a Darrieus wind turbine for any
solidity, at any tip speed ratio and with any blade
pitching within the usable values even it does not make
any convergence problem.

The theoretical limitof induced velocity rario for
momentum theory is 0.5 while in tlris me*rod this value
may go below 0.5 depicting real picture of iqduced
velociry.
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Figure 5 :

symbol ; *

r n 
(de$. ): 0

a*(
5sin0 10sinO

A cyclotrnbine with sinusoidal pirchine may
dwelop self-starting capability.
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